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Summary

This application notes
discusses how to quantify
errors in sampled data
systems using several figures
of merit based on frequency
domain measurements
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Introduction

Sampled data systems are expected to produce data that is a faithful
reproduction of a continuous input signal. If perfect, the sequence of data
samples would exactly represent the voltage of the waveform sampled at
the points in time where the samples are taken. A perfect sampled data
system is not possible due to a variety of noise and distortion factors
discussed in more detail below.

An imperfect sampling system produces a sequence of data that does not
exactly represent the sampled analog waveform. The difference between
the actual waveform and the input waveform is called the error signal. The
power content in the error signal causes degradation of the sampled
signal.

When looked at in the time domain, it is often difficult to distinguish
between the error signal and the input signal. Therefore, frequency
domain methods are often used, usually using a spectrum analyzer. When
a sinusoidal input is applied to a system and examined in the frequency
domain, it is easy to distinguish the error from the input. This is because
the input signal should represent a spectral peak at a single frequency. All
other spectral components are considered as error.

Metrics have been established to quantify the quality of sampling systems.
These metrics tend to separate the sources of error such that examination
of such metrics provide indications of the causes for degradation in a
system. This paper is concerned with the metrics based on frequency
domain measurements. Since many of these metrics are based on power
measurements of frequency related components, this paper also
addresses these issues. Specifically, it addresses these measurements
performed using the Discrete Fourier Transform (DFT) applied to the data
samples.
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Errors in Sampled Data Systems

There are several sources of error in sampled
systems. These sources are, in the simplest case,
broken down into noise and distortion.

Distortion is considered as error in the acquired
waveform that has a high degree of correlation with
the signal. In other words, distortion is not random,
but is dependent in some manner on the input.

For the purpose of this paper, distortion is defined as
follows:

Distortion is defined as any portion

of the error signal whose frequency
locations are functions of the input

frequency.

Knowing the input frequency, the distortion
frequencies can always be calculated if the
mathematical model for the distortion is known. For
example, the most common form of distortion is
harmonic distortion. With harmonic distortion, the
distortion components appear at integer multiples of
the input frequency. Typical sources of harmonic
distortion are non-linearity of the transfer function of
the system including saturation, clipping, slew-rate
limiting and others.

Other forms of distortion are possible. Often these
forms are known based on the design of the system.

Noise

Noise, as opposed to distortion, is assumed to be
uncorrelated with the input. For the purpose of this
paper, noise is defined as follows:

Noise is defined as any portion of
the error signal whose frequency
locations are not functions of the

input frequency.

Noise itself is commonly broken into categories
depending on two characteristics:
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1. The distribution of the noise (i.e. the shape of the
histogram of the error).

2. The frequency domain shape of the spectral
density (i.e. the shape of the noise plotted as a
function of frequency).

When categorized based on frequency domain
shape, noise that is evenly spread across all
frequencies is called "white" noise. Noise that is
distributed such that the noise power in each octave
is constant is called "pink" noise. There are many
other noise shapes.

Noise is also categorized by distribution. Noise
whose distribution is normal is called gaussian
noise. There are many sources of gaussian noise.
Noise is also created through gquantization -
effectively the round-off error in converting analog
voltages to digital numbers. The simplest
guantization methods produce a uniform error
distribution that is white. Many methods of
guantization do not produce uniformly distributed
white noise.

Error Classification

The analysis of error in the system reduces to
measuring and separating the input signal from the
distortion and noise. Often the offset error is treated
separately, as well. Furthermore, the distortion and
noise are often further classified, because different
distortion or noise sources involve different problems
in the physical design of the system.

For the purpose of this paper, we will be concerned
with the power content of a sinusoidal input signal.
The power content of the harmonics will be
considered as distortion, while all other power
content will be considered as noise.

Figure 1 illustrates the breakdown of components of
an acquired signal and how these components are
categorized for the purpose of the measurements
subsequently explained:
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Abbreviation Name Description Formula
Acquired
Signal The ratio of the RMS signal to the
/\_ RMS sum of all other spectral
Input oy Signal to noise components, including the
Signal D(Nmsz_e &) Offset [¢] p v 1]
istortion
/\ SINAD and distortion harmonics except DC. Usually
ratio expressed in dB. The more SINAD =P (48) ~ Phadi(as)
Distortion Noise
positive the value, the better the

— oo,

Other

system.

Other Quantization Gaussian

n . . I
Distortion Noise Noise Uncorrelated

Noise

Harmonics

SINAD can be expressed directl
p y EnoB  (SINAD-176)

see the section at the

as ENOB - they are equivalent.

Figure 1: Categorization of component power levels

ENOB is the number of bitsina | end of this document

Effective number of

ENOB bits quantizer that would produce the | entitled "Derivation of

exact same SINAD value ina |the ENOB Equation” for

system whose entire source of an explanation of this

Figures of Merit

noise is quantization itself. equation.

The ratio, expressed in dB, of the

The previous section explained the classification of RMS signal amplitude to the RMS

. . ) Signal to noise
error in a sampled system. In order to quantitatively SNR ; sum of all other spectral SNR — P (63) - Prs)
ratio

determine the effectiveness of a system, we must
use common sets of measurements. These
measurements are called "figures of merit". These
are measurements for which there are common
definitions such that numerical values instantly
convey the quality of the system. These
measurements are explained briefly in Table 1. You
should examine these definitions and understand
their relationship to error sources as shown in Figure
1. There are many other figures of merit for
systems. Some are well known and others depend
on the system under analysis. When necessary, a
definition of the figure of merit must accompany the
calculated value for any sense to be made of the
measurement.

components excluding the

distortion and offset error

The ratio, expressed in dBc, of the

RMS sum of the first five harmonic
Total harmonic
THD components, to

distortion THD =P,

d(ds)
the RMS value of the measured

fundamental component.

P

f(dB)

Table 1: Some Figures of Merit For Sampled Systems

The generation of the figures of merit in Table 1
reduces to the evaluation of the equations set forth
which in turn requires the calculation of the power
contained in particular spectral components in an
acquired signal as shown in Figure 2. The

pover o remainder of the document will be concerned with
acquired signal

Pucd) describing the steps necessary to perform these

o S, measurements using the DFT of a signal acquisition.
me%l;'w rfm poveer of error
o G e

ool - Figure of Merit Calculations Using the DFT

®) ®) . . . . .

L — ~— The steps required in calculating figures of merit

Power of Harmonics _Othe_r Quanti;ation Gaus:sian Uncg?;;ted USIng the DFT are as fO”OWS:
(PPt P o P Pen) Distortion Noise Noise Noise

Figure 2: Categorization of Noise Powers
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1. Acquire a signal.
Calculate the DFT of the waveform.

3. Normalize the DFT such that it is suitable for power
measurements.

4. Identify the DFT bins that contain the powers of the
elements shown in Figure 2.

5. Calculate the total power of these components

6. Calculate the figures of merit using the powers
calculated above.

Acquisition of the signal

The continuous analog signal is sampled for some
duration using a digitizer such that the resulting
acquisition is an array of numbers whose value
corresponds to the voltage of the waveform and
whose array index corresponds to a time. In other
words, an array x of length K results such that:

ke0..K-1
v(t=k-T)=x,

Equation 1

Calculating the DFT

It is well known that the FFT is simply a fast
computation method for the Discrete Fourier
Transform (DFT). The generally accepted definition
of the DFT is given by:

. 2.nk
-]

1 K-1
Xn:_.ZXk.e K
K k=0

Equation 2 - Definition of the DFT
The result of the FFT is an array of complex
numbers whose magnitude corresponds (with two
slight exceptions) to 1/2 of the amplitude and whose
argument corresponds to the phase of a cosine
frequency component of the waveform and whose
array index corresponds to a frequency. In other
words, an array X of length K such that for each n:
2
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Equation 3

The exception is DC and Nyquist where the actual
amplitude is:

A(f =0)=|X,|

-5

Each complex number X, is considered the value in
a frequency "bin". The frequency of a bin and the
bin location of a particular frequency are defined as
follows:

Equation 4

f(n)=-—-F

n
K

Equation 5
n(f)=K.-—
(f) =

Equation 6
Where Fs is the sampling frequency

Before calculating the FFT, the acquisition should be
windowed. This is because the frequency of the
input signal will not generally be known exactly.
Because of this inexactness, the input sinusoid will
not necessarily be continuous at the endpoints of the
acquired waveform. Without windowing, spectral
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spreading due to these discontinuities tends to
spread the power of the input sinusoid over all of the
frequencies. Note that windowing itself causes both
concentration of the power of the input signal and
some slight spreading of the spectrum. This
spreading will be accounted for by summing the
power about a particular frequency, not at a
particular frequency, which takes this slight spectral
spreading into account.

Windowing of the signal involves the point-by-point
multiplication of the acquired waveform by some
function (like a raised cosine, for example). The
function for the raised cosine is:

11 k
W, =———-C0S@ - 7-—
k=575 @z K)

Equation 7

The windowed acquisition is:
X = X - W

Equation 8

Windowing will affect the absolute values of the
power calculations. Furthermore, while windowing
tends to concentrate the power of the input sinusoid,
it always produces some slight spreading of the
spectrum, sometimes only by a few FFT bins. The
power calculations must be performed by summing
the power around the frequencies of interest.
Additionally, the resultant sum will need to be
corrected to account for windowing. This is
explained later in the document.
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Normalization of the FFT

The FFT in itself is not readily usable for power
calculations. The spectral components generated
by the FFT need to be normalized first such that
each component contains a value representing its
Fourier series amplitude and phase. After this
normalization, the signal could be reconstructed by
summing Cosines at each frequency with the
amplitude and phase given.

It is obvious from Equation 3 and Equation 4

that in order to normalize the DFT, each value in X
(except for the DC value) needs to be multiplied by
2.

Unfortunately, some algorithms for the FFT do not
produce exactly the same results as the DFT
definition shown in Equation 2..

MathCAD, for example, uses several non-standard
forms of the FFT which causes quite a bit of
confusion. For example, the cfft() function is
defined as:

1 Kz_l j_2~7rkn~k
X, =——=) X €
n \/E — k

Equation 9 - MathCAD's definition of complex
FFT (cfft)

Obviously, a different method of normalization will
be necessary with this definition of the FFT."

Table 2 shows how to convert between the standard
definition of the DFT, MathCAD's cfft( ), and
Amplitude/phase (Fourier component normalized).

! I've noticed that in the later versions of MathCAD, an alternate
version of the FFT called CFFT( ) has been provided which
has the same form as the standard definition of the DFT
which I've provided - All confusion can be removed by
simply using the CFFT( ) function.
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From

MathCAD
cfft()

MathCAD| (.,
cfft() "*(W'
Amplitude (i« oo

phase |* " i

On =—arg(Xn)

Table 2: Table for Fourier Component Normalization from FFT

In practice, only the magnitude (or amplitude)
information is necessary for power measurements.
Furthermore, for power measurements, it is best to
convert this information further into rms or dB.

In order to use Table 5 to convert between dB, you
must first have some information on hand depending
on the industry in which you are working. Basically,
you need to know the value of the resistance where
the voltage is measured across. Generally, this
resistance is the most common value of termination
resistor. You will also need to know the reference

power.

Here is a table of this information for several

The reasons for this are as follows:

Amplitude needs special handling at DC and
Nyquist when power calculations are concerned.
As an example, a DC voltage with amplitude of 1
V has an rms voltage of 1 V. However a
sinusoidal signal which amplitude of 1 V has an
rms voltage of 707.1 mV. Converting to rms or
dB removes the need for special handling of DC
down the line.

In order to calculate the power in spectral
components, the power of multiple frequencies
are summed. The powers to not simply add.
For example, most everyone is familiar with the
fact that rms voltages sum as the root sum of
the squares, so the determination of the rms
voltage is conceptually easy.

The end result of most of the measurements is
power ratios, which are most conveniently
expressed in dB.

industries:
Industry
Radio Audio TV
Frequency
Load 50 Q 600 Q 750
Resistance
(R)
Definition of | 1 mwWinto50 | 1 mW into 600 1mVrms
0dB Q Q across 75 Q
Pret 1mw 1mw 13.333 nW
10-log(R) 16.990 27.782 18.751
10-log(P,ef ) -30 -30 -78.751

Table 3 - Load Resistance and Reference Power Values

Table 6 contains conversion formulas with numbers
already provided for RF.

Table 5 and Table 6 should be used to convert each
component value in the FFT to rms, or decibels so
that it can be used directly for power calculations.

At this time, the correction for windowing of the FFT
should be applied. The correction is multiplicative if
the correction is applied to any voltage units except
for dB. For dB, the correction is additive. The

correction is calculated as follows:

wc,, =—20-log /%-Zwkz
k

Table 5 and Table 6, at the end of this document,
contains formulas for conversion between rms,
amplitude, peak-peak, and dB.
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Equation 10 - additive windowing correction
for decibels

page | 6 of 25

Signal to Noise & Distortion Ratio using FFT



Equation 11 - multiplicative windowing
correction

Frequency Component Power Calculations

There are a few steps to the process of calculating
frequency component power levels:

1. Identify the frequencies of the components you
need to calculate the power of. At the minimum,
you will need the fundamental (the input
sinusoid), and you will probably need the

harmonics.
Component Frequency
Fundamental (sometimes called fO

the first harmonic)

Second harmonic 2-1g
Third harmonic 3-fg
Fourth harmonic 4-fg
Fifth harmonic 5-fg

Calculate the FFT index of these components using

2. Equation 6. Since you will want the best
integer bin value, use:

n(f)= roo{K-;s+.5]

Equation 12

3. Determine the frequency range (f +/- Af) of the
component. Remember that although you will
use an input sinusoid at a particular frequency,
the power of the signal will be spread over
several FFT bins. This is due to jitter, leakage in
the FFT, modulation, etc. and most importantly,
windowing. You should determine the frequency
range to use by examining the FFT.
Furthermore, you should take a large enough
FFT such that the frequency range can be made
fairly large without affecting the integrity of your

LeCroy Corporation

measurement. This is shown clearly in the
example provided.

Determine the FFT bin range using the following
equations. Use these to calculate the beginning
and ending bin of a component at a particular

frequency (f) with a frequency spread ( Af ):

S

ng(F,AF )= roo{K- f ;Af +.5j

Equation 13

n, (f,AF)= roo{K- fl‘:Af +.5J

S

Equation 14

Sum the normalized FFT components from ng

to ny. Remember that you cannot simply add

the values. For example, if the normalized FFT
components are in rms voltage, they add as the
root sum of the squares. Decibels add in a more
complicated manner. Table 4 provides
equations for summing these voltages.

Make the appropriate corrections to the power
calculations to account for windowing of the
FFT, if this has not already been done. If the
windowing correction has not been applied
previously, it can simply be applied to the final
power value calculated. See Equation 9 and
Equation 10 for the appropriate correction.
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Step 1.
Step 2.

Step 3.
Step 4.

Table to calculate effective voltages over frequency ranges from
FFT components.

Determine the frequency range you desire.
Determine the indices of the FFT bins for this

frequency range using the following formula.

f f
n(f)=2-N-—=K.-—
(f) —=K=

where: Fs is the sampling rate, K is the number of
acquired points used for the FFT, and N is the index in
the FFT of the Nyquist frequency. Note that n must be
an integer.

Determine the voltage units in your FFT.

Determine the effective voltage of the frequency range
using the equation provided. Note that this effective
voltage will be the voltage of a single sinusoid that
would deliver the amount of power of the sinusoids in
the frequency range.

Units of Voltage Effective Voltage Over Frequency Range
‘vm if  f(n)=0
ol v
Vi) = sz o i f(n):%
\
L otherwise
pk-pk 242
Divide by 2\/5 If the effective pk-pk voltage is
being calculated for DC.
Divide by\/E if the effective pk-pk voltage is
being calculated for Nyquist
A it f(n)=0
A= Xl A it =
IAmplitude A i
p 7 otherwise
Divide by\/E If the effective amplitude is being
calculated for either DC or Nyquist
Rms Vims(eity = iz'(vmn)2
DB
DBV
DBmv [ ”f ﬁ]
Bt =10-log| Y1010
dBu (or dBv) !
DBW
DBm

Table 4 - Table for Effective Voltage Calculations Over

Frequency Ranges
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Calculating the Figures of Merit

Once the power has been calculated for the
components shown in Figure 2, the figures of merit
are calculated using the formulas in Table 1.

Averaging

This section is included to provide some insight into
further possibilities for improving the measurement
results.

As shown in Figure 1, the error portion of the signal
is broken into noise and distortion. As mentioned
previously, what is classified as noise is usually
uncorrelated with the signal and what is classified as
distortion usually is. Uncorrelated noise can be
removed by averaging. Averaging can only be
performed if you are measuring a system capable of
generating a stable trigger, like a digital
oscilloscope.
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You can clearly determine whether certain frequency
components of your system are affected by
comparing the FFT of the averaged acquisition to
the single-shot acquisition. In general, the noise
floor will be reduced, and the power of certain
distortion components (depending on the source of
this distortion) will remain. This enables much
easier and accurate calculation of the distortion
components.

In the case of uniform and Gaussian (or normal)
noise distributions, the noise power decreases by 3
dB for every doubling or by 10 dB for every tenfold
increase in the number of acquisitions averaged.

Example

The example provided is for qualitative
measurements on a LeCroy WaveMaster 820 Zi-A, a
20 GHz, 40 GS/s Digital Sampling Oscilloscope.

The desired measurement is the effective bits due to
a 1.499 GHz sinusoid at about +/- 3.5 divisions on
the screen. The calculations are performed using a
MathCAD 2001i spreadsheet.
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This example demonstrates an effective bits calculation of the
WaveMager 820 Zi-A Digital Oscilloscope.

l=8 number of interleaved adcs
vdiv = 5010~ 3 Volts/div setting of the DSO
Fg =40 sampling rate (Gs/s)
R:=50 Scope Input Impedence
bits =8 Number of bitsin ADC
freqjp = 1.4% input frequency (GHz)

K := 20000 number of points to acquire
k=0.K-1

connection ="

Read in the points from a file
wfnFileName := "C:\Wwork\WM820ZiA\CIWM820 Zi A_1499.txt"
GetOne (connection ) := READPRN (wfmFileName )

x:= GetOne (connection)

Xacq = X

Window function used for FFT. This function generates a
Kaiser-Bessel window with the specified alpha

window(n, N,a) =

w, = window(k, K,9.5)

k
Use the Kaiser-Bessel window

raised cosine window used foranalysis

0 5000 1 ‘104 15 ~104 2 ~104

samples

magnitude (normalized to unity)
o
g

= - W, Apply the window
A, = Yacq Wi

windowed acquisition
0.2 I

0.15

o
-

0.05

-0.05
-0.1
-0.15 ‘
-0.2

voltage (Volts)

0 0.05 0.1 015 0.2 025 0.3 0.35 0.4 045 0.5
time (ns)
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X:= CFFI'(xW) Calculate the DFT

K n f
n:=o0.— freq(n) =—-F ni(f) = —-K

S frea(n) = Fs (==
Nomalize the DFT to amplitude/phase

A =X A ::2-|X

n AO = |X0|

NlX
A

calculate the correction (in dBm) to apply to the power due to
windowing

cormy, := —20-log

Convert the DFT to dBm for ease of calculations

AtodBm(A,n,K) = |dB « 20-(IOQ(AD
\2

+-10-log(R) ...
+30

dB « dB + 20-log(y3) if [(n —o)v (n - g)}

return dB

dan = AtodBm(An,n,K) + coMmy max(dBm) = —10.54

Plot of the magnitude spectrum

DFT
0 T T T T T T T T T
- -20 —
&
T dBm,
o C40 -
S
o
>
-60 |- |
80, 2 4 6 8 10 12 14 16 18 20
freq(n)
frequency (GHz)

It isintereding to note that the DFT containsa number of frequency components
other than the input signal. These are due to peculiaritiesin digital oxilloscopes,
particular those that interleave multiple ADCs to generate high effective sample
rates. When interleaving, the gain/delay/offset of each ADC mug match. Tothe
extent thatthey don't match, they tend to degrade the signal. Itisexactly thistype
of degradation that we are measuring in thisexample. Keep in mind that in a well
dedgned instrument these components are snall (about 47 dB)and do not
generally affect normal measurements
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Now that the DFT has been taken, the next step isto classify all of the frequencies
of interest. Thes will include the input signal frequency, the DC point, and the
noie and distortion components.

classification of frequency components:

Hamonics
H:=5 h=0.H-1
fharmh = (h + 1)-freqgjy desharmh —h+1
f 'f[f Fs Fs (f st ; }
=1 >—, — - i
harm, harm, =~ ==> 7 harm, = = |- Tharm,

fharm = if(fharmh < Oa—fharmhafharmh)

h

f 'f[f s 5 (f st f }
=1 >— — - - —

harmh harmh PR harmh S ) harmh
1 1.5
2 3
desharmh =|3 fharmh =\ 45
4 6
5 75

Note: These equations'fold' harmonics that are above the Nyquist frequency
backinto the basband spectrum.

adc offset mismatch components

0= floore + 1) 0:=0.0-1

0
1
Fs o=1|2
foffseto = _IO deSOffseto =H+o0+1 3
O=s 4
0 6
5 7
foffset0 =| 10 desoi‘fset0 =| 8
15 9
20 10

Note that offset mismatch frequencies are functions of the sampling rate
and independent of the signal frequency.
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adc gain/delay mismatch components

G=1 g=0.G-1

fharm fharm Fs
fgdf =| —— — floor| —| |- —
h Fs Fs |

| | 1.5

3

f =| 45

g+1 oty

Fs-floor ” g 1

— Z 1 (=q)% 2.5
fgdg,h' | + ( 1) fgdfh

fgdg’ = if(fgdg’ < o,—fgdg, h,fgdg’ h)

. FS
fgdg,h = If(fgdg, A > 7,Fs - fgdg,h’fgdg, h)

foa, = |f(fgdg’ o= fharm, =1, fgd h)

desgq h:=O+H+h-G+g+1
g,

-1 -1 -1 1 25
35 2 05 4 25
65 8 95 -1 -1
fgd _ 85 7 55 9 75
115 13 145 11 125
135 12 105 14 125
16.5 18 195 16 175
185 17 155 19 175

Note that ome elements contain a frequency of -1. Thisisintentional
since these componentsare images of the input signal and its harmonics.
The negative frequency will cause them to be unused in the

LeCroy Corporation Computation of Effective Number of Bits, Signal to Noise Ratio, & page | 13 of 25

Signal to Noise & Distortion Ratio using FFT



At this point, it isintereging to take a look at how the desgnated

frequenciesline up with the peaksinthe
Here is a plot of the DFT with the classi

classifed frequencies

DFT

fied components overlaid

0
E -50
[2]
=
{5
(=)
S
o
> -100
T80, 5 10 15 20
frequency (GHz)

The designated frequencies are highlighted in blue. The designated

frequencies seem to cover mog of the peaks but it seemsthat it

covers the entire spectrum. Thiswoul

there hasto be some room in between the gectral componentsto be

dedgnated as noise.

Id not be desirable because

Here isa zoom of the input frequency:
From this picture, it is clear that the selection of 20 MHz as the
delta frequency is fine. Note that you do not need to getthe

delta frequency exactly correct. You
dedgnation "coats' the peak down to

must only enaure that the
the noise floor. It doesnot

matter if it coats ome of the noise - thisis accounted forlater in

the calculations.

classifed frequencies

1
a
o

:
e

VY

voltage (dBm)
2,

1
=
o
o

T80Ty 1.45 L

frequency (GHz)
MedianPower (ng, ne,D,dBm) = |ng « o if

m«<«0

for neng

m <«
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57 17

Ng <0

ne < last(D) —1 if ng > last(D) —1

da_ < —3000
m

. Ng

if D =0
n

da_ < dBm
m n

m+1

median (da)

Signal to Noise & Distortion Ratio using FFT
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Let'splot the desgnated noise

grain = .5

) freq(g) - freq(o)

S=

grain
S=40

$:=0..S

f|S = S-grain

dBMmedian = MedianPower(floor(ni(fiS - @)) ,ceil(ni(fiS + @D , D,dBm)
S

dBns median = CS p"ne (fl . d Bmmedian)

MedianNoiseFoor n= interp (d BNS median > fi. dBMmedian ,freq(n))

dBmf_ = if(D , MedianNoiseFloor ,dBm)
n n n n

Here is a plot of the undesignated components
(i.e. designated as noise):

unclassified frequencies (noise)
-50

voltage (dBm)
S

-1
50 0 5 10 15 20

frequency (GHz)

You can see that except for a few spurious components, all of the
frequencies have been classified and the noise isagood
representation of a noise floor
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Noise calculation:

Noise is calculated by suamming the effective voltage of the
undesignated DFT components, then calculating an effective
noie perDFT bin, then summing them asif it were presnt in
every bin (which it is).

F

s
Fyquist = FNyquist = 20
Fs-.8
pre =15 Fsbe = T Fsbe =16
ni( Fryquist) 9B n

Py, := 10-log Z 10 10
n= ni(o)

Pp = —39.23

Now, we go ahead and calculate all of the powers of the
desgnated components and add their powersto furthergroup them
(forexample, the power of all of the harmonics are added to form
the harmonic digortion power, etc.). The tabulated results of all of
thes calculations are provided at the end.

calculate the powers (effective voltages) of each dassification
Power := | for p €0..100

for neo..—
2

dBm,  dBnmf,

Py« P y+\0 0 —q0 10
(Pn) ™ "(Pn)
for p €o0..100
P« 1o~|og(P )
p p
P« —3000 if Im(P )7& 0
p p
P
LeCroy Corporation Computation of Effective Number of Bits, Signal to Noise Ratio, &
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Computing the powerin the harmonics

P = Power
harmh (desharmh)

—5.26 1.5
—53.34 3
Phan’n h = —50.8 fharrn =] 45
—71.53 6
—85.24 7.5

Power in the harmonics

Pharm.

H-1 !

Ph = 10-log Z 10 10
i=1

Ph = —48.85

Power in the fundamental

Ps = Pha,mo Ps = —5.26

Calculating the powerin the offset mismatch

P = Power
offset o (deso ot 0)

—53.18
—67.17
Poffset 0 —62.51
—64.15
—51.57

Poﬂset_
O-1 !

Pom := 10-l0 Z 10 10
om g Pom = —50.91
i=1

PO = Poffseto Po = —53.18

Computation of Effective Number of Bits, Signal to Noise Ratio, &
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Pgdg’ b Power(

11
12
13
14
15
16
17
18

desgd =

19
20
21

23
24
25
26

Determination of the power due to gain/delay mismatch

3.5
6.5
8.5
11.5
13.5
16.5
18.5

—3 X 103 -3 X 103

des )
%g,n
27 35 43
28 36 44
29 37 45
30 38 46
31 39 47
32 40 48
33 41 49
34 42 50
3% 10%
6821  —68.06
—62.%5  —713
—50.07  —63.79
—61.61  —65.24
—56.%5 7164
—60.87  —66.34
6127  —64.3
G-1

—76.79

—86.26

—70.9

—61.26
—61.62
—68.71
—68.38

-1 -1 1 25
2 05 4 25
8 95 -1 —1
7 55 9 715
13 145 11 125
12 105 14 125
18 195 16 175
17 155 19 175
7021 -75.8
—69.3%2  —63.8
—3x 108 —3x 108
—59.00 —3x 10°
—3x 100 —78.21
—7149  —66.85
—66.86  —70.84
—70.75  —64.66
Pgdm=—49-01

Computation of Effective Number of Bits, Signal to Noise Ratio, &
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Summing the power due to distrotion components

Ph Pgdm Pom
10

Pg := 10- Iog[lo 04100 410 Pg = —44.72

Computing the power due to noise and disitortion

Phad = 10-log\ 1020 + 1010 Phad = —38.15

Computing the power due to interleaving components

( Pom Pgdmj
Pig == 10-log\10 1© + 10 1° Pig = —46.84
SNR =Ps — Py SNR =33.% Pf = —5.26
SDR =Pf — Pq4 SDR =39.46
SINAD = Pf — Ppyg SINAD = 32.83
3
SINAD — 1o-log(z)
ENOB =
20-log(2) ENOB = 5.17

Pfs = 20-Iog(%) —10-log(R) + 30 Pjg =—3.98
2

Pfs — Pf = 1.28
AP = Pgs — Pt
[ ~SINAD AP - SNR AP
. AP-10doglio 10 1020 410 0 N1-120%0)] 17
Adj = g — ENOB
6.02
Adj = 0.16 Pts — Pt
=021
6.02
LeCroy Corporation Computation of Effective Number of Bits, Signal to Noise Ratio, &
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Name Frequency Effective

(GHz2) Voltage
(dBm)

I —
Fundamental (Py) 1.499 -5.26
Full-scale Input (Pss) calculated -3.98
Noise and Distortion Full -38.15
(Pnag) Bandwidth

e I
o MNoise | | 3923
e |

Distortion (P) | | -44.72
I N —
Harmonics (P) | | -48.85
I N —

ADC Offset mismatch -53.18
components (Pym)
ADC Gain/Delay -49.01

mismatch components

(Pﬂdm)

Figure of Definition
9 . Value
Merit
SINAD (dB) Pt — Phad 32.88
SINAD-1.76
_— 5.17
ENOB 6.02
ENOBgdjusted= ENOB+ Adj
ENOB 4 5.33
SNR Pfs - NO 33.96

Example Summary

An example was shown of an effective bits measurement on a LeCroy DSO. The example was illustrative of many items
not shown in the paper and is indicative of the cleverness which can be employed once the power measurement
techniques are mastered.

In particular, it illustrated:

1
2
3.
4.
5
6

© o N

The normalization, conversion to dBm and correction for windowing.

Methods of classification of spectral components using MathCAD.

The result of proper classification in the lack of peaks in the DFT of the remaining noise.

The proper determination of spectral component size (delta f).

The distribution of noise power over other designated components.

The determination of quantization and Gaussian noise, and the ability to analyze the actual number of bits in the
digitizer.

The estimation of the noise floor function.

The calculation of powers of components by subtracting off the underlying noise.

The further determination of the power of classes of components such has harmonic power, offset mismatch power,
etc.

10. The ability to define figures of merit unique to a particular measurement.

LeCroy Corporation

Computation of Effective Number of Bits, Signal to Noise Ratio, & page | 20 of 25

Signal to Noise & Distortion Ratio using FFT



Tables

Table to convert between various voltage units.
In order to use this table, you must first know the following values:
R, the assumed resistance which the voltage appears across and Py, the reference power level.
Then, simply cross-reference the units of your input and output variable to find the correct equation. Then plug in the numbers.
Example: You are working on RF and want to find the rms voltage corresponding to -10 dBm.
Step 1. Determine R. For RF, R is assumed to be 50 Q.
Step 2. Determine Prr. For RF, Pr is assumed to be 1 mW.
Step 3. Find the column containing dBm.
Step 4. Look for the row containing rms.
dBm
[+ég-log(R)}
The equationis: V.o = 10 20
Step 5. Plug in the numbers — R=50, dBm = -10. -10 dBm =70.711 mV (rms).
From
pk-pk Amplitude rms dB dBv dBmv DBu dBwW dBm
(or dBv)
Vo=V, 242 Yo Vop = Vop = Viop = Viw = Vor =
Vpp=A-2 oo = ms © [glsolng%k) ] dBv (dBm-60) (dBu-120) (“E ) [Elaar)“lcq(re)]
T10i0g(p,) o +10log(R) T30
excent DC where except DC where v 1010g(P, 2210 20 2710 2 2710 2 Wi i
pk-pk e Vi | BRI o | GVide by 242 for | divide by 242 for | divide by 24Zor | iyide by 242 for o
or Nyquist where > by DC divide byyz | DC divide by2 | DC divide byy2 ivi - o
V. —v_.2 | DCduideby,z . . , DC divide byv2 | DC divide by,z
o = Vims for Nyaquist for Nyquist for Nyquist for Nyquist for Nyquist for Nyquist
A= N N A A=
v, A=Vims V2 a8 dBv - - a8 dBm
A=_P +101og(R) _J7.10 20 (dBmv-60) (dBu-120) (+10Iog(R)) {tlchg(R)]
- 2 except DC and {m'wff’m)] A=y210% G B a0 o Lo )
Amplitude | gycent DG where ) i divide by 3 f : v R N RTINED
Nyquist wh Y V2 for o
P, YOS | divide by 2for | DC and Nyquit | e 0¥ 2 10r | BWide by (210" | divide by (zor | givide by zor
DC and Nyquist v YQuIst | DC and Nyquist | DG and Nyquist
Vi = V00
™2 v A
except DC where ™2 Vins = N Vo = V= Vime = =
rms Vims =Vip except DC and [%:33@) )] Ve =109 (dBmy-60) (dBu-120) (i?ﬂ-log(ﬁ)] {tgglﬂg(ﬁlj
or Nyquist where | Nyquist where 0w 0 ® 1 2 0 ® 0w ®
Vo= Vie Vims = A
ms = 7
dB = 20- |og(vi) A
22 dB=20-I0{ﬁ] - . @B B B
~10-logR) ~10-log(R) 20-1oglv,,.) Y demv deu - dem
dB ~10-loglP,) ~10-loglP, ) ~10-log(R) “10-1og(R) ~10-10g(R) ~10-g(R) o o) ~10-log(Pry )
add 9.0310r DC| 413 01 7or D “1010dP) ~10-1og[Prr) ~10-log(P ) ~10-10g(Per) ~10-log(Prr o
add 301 for | 2 d 3.0 or C 9Pt 60 -120
Nyq.uist and Nyquist
v,
dBV = 20-log —22
e o{zﬁ] 9BV =20 IO{%) dBv = BV = BV = a8 = :BBYH:
dBv add 9.031for DC{ 144301 forDC | 20-loglv,.,) +10-log(R) dBmv—60 dBu-120 aBw +10-1og(R)
add 3.01 for +10-log(®)
Nyqﬁist and Nyquist +10-log(R ) %
v
dBmv = 20-log — 2| dBmv =
™ 0{2«/5 dBmv = 20- |°{%J dBmy— dBmv dBmv= dBmy=
dBmv +60 +60 20-1og(v,y,) +10-log(R aBw d&m
2dd 9031 0 DC) add 301 orDC | 450 +10-loglP,) +10-k() +10-b0()
Nyduist and Nyquist +60
v,
dBu = 20-log —22 dBu=
‘ O{Zﬁj dBu:20~Iog(%] dBu= dBu dBu= dBu=
dBu (or dBv) +120 +120 20-log(V,.) +10-log(R) o o
add 9.031 for DC add 3.01 for DC 120 +10-1oglp, ) BV +120 dBV +60
;(:/((j]uist&m for and Nyquist +120
v
dBW = 20 |og{l A
toq) 22 |dBwW :20'“’{5) . dBw - . :BW _
dBW —ie ~10-log(R) 20-log(y,,,) a8 dBy demv
add d%%S(] f‘;r DC| 2dd301forDC | -10-log(®) +10-1ogfP,,) ~10-109(%) “oeal®)
a Nyduistor and Nyquist
v,
dBm=20-Io{lj A
| 22 dBm:ZO-Iog{ﬁJ dBm— dBm = . .
dBm 7;3 ou(R) ~10-log(R) 20-1og(V, ) dB dBV dBmy
+dd 9,031 for 0G| ~10-log(R) +10-log(P, ) ~10-1og(R) ~10-log(R)
a i3 01‘; add 3.01forDC | +30 +30 +30 -
a Nyduistor and Nyquist

Table 5 - Table for Voltage Unit Conversion
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dBm

Step 1. Find the column containing dBm.
Step 2. Look for the row containing rms.

The equationis: y =102 .223607-10°

Example: Find the rms voltage corresponding to -10 dBm.

Step 5. Plug in dBm = -10. -10 dBm = 70.711 mV (rms).

Table to convert between various voltage units — tailored to RF

R, the assumed resistance that the voltage appears across is assumed to be 50 Q.
P, the reference power level, is assumed to be 1 mW

Simply select the column containing the units of your input variable and look down the column for the row containing the units you are converting
to. Then plug in the numbers.

From
pk-pk Amplitude rms dB dBvV dBmv DBu dBW dBm
(or dBv)
Vip =Vims £ gy demy d8u & dem
V,, = A-2.000 2828 v, =108 V,, =102 V,, =102 V,, =102 V,, =102 V,, =102
pk-pk except DC where except DC where .632.454-10°° .2.828 .2.828-10° -2.828.10°° -20.000 -632456
Vi =A Voo =Vin divide by 2.828 for DC | divide by 2.828 for DC | divide by 2.828 for DC | divide by 2.828 for DC | divide by 2.828 for DC | divide by 2.828 for DC
or Nyquist where divide by 1.414 for divide by 1.414 for divide by 1.414 for divide by 1.414 for divide by 1.414 for divide by 1.414 for
Vyp = Vi - 2.000 Nyquist Nyquist Nyquist Nyquist Nyquist Nyquist
A=V A=V ® @y demy o ® @
0505" 1414 A=102 A=10% A=10® A=102 A=102 A=10%
Amplitude | ocenipe where except DC and Nyquist| .316.228-10°° 1414 1414-10° 1.414-10° -10.000 -31622810°°
o where divide by 1414 for DC | divide by 1.414 for DC | divide by 1.414 for DC | divide by 1.414 for DC | divide by 1.414 for DC | divide by 1.414 for DC
o and Nyquist and Nyquist and Nyquist and Nyquist and Nyquist and Nyquist
Vims =Vip
-353553.10° Vs = A v -
except DC where .707.107-10°° 8 . By a8y @ m:am
rms Vims =Vpp except DC and Nyquist Vips =107 v -10® Vims =10 % Vims =102 Vipe =102 0%
or Nyquist where where -223607-10° ™ -1.000-10° -1.000-10°° -7.071 »
Vo -y v —a -223607-10
ms =Vop s =
-0.500-10°°
dB=20-loglv,,) | dB=20-log(A)
dB +3.979 +10.000 dB = 20-log(v,,,, ) dB =dBV dB = dBmv dB=dBu dB = dBW
add 9.031forDC | add 3.01forDCand | +13.010 +13.010 -46.990 ~106.990 +30.000 dB = dBm
add 3.01 for Nyquist Nyquist
dBV =20-loglV,,) | dBV =20-log(A)
dBV =dB dBV = dBmv dBV =dBu dBV =dBW dBV =dBm
-9.031 -3.01 BY = 20-1
dBv 2009031 orDG | 204301 forDC and | 1BV =207 1000Vre) 13010 60000 120000 +16.990 ~13010
add 3.01 for Nyquist Nyquist
dBmv =20-loglV,, )| dBmv=20-log(A) [¢gmy— 20-log(v,.,
dBm +50.969 4+56.990 +60.000 dBmv =dB dBmv=dBV dBmv =dBu dBmv=dBW dBmv=dBm
v add 9.031for DC | add 3.01 for DC and ’ +46.990 +60.000 ~60.000 +76.990 +46.990
add 3.01 for Nyquist Nyquist
dBu=20-loglv,, ) | dBu=20-log(A)
dBu (or dBv) | 110969 +116990 dBu = 20-log(v,, ) dBu=dB dBu=dBvV dBu=dBV dBu=dBW dBu=dBm
add 9.031forDC | add 3.01forDCand | +120.000 +106990 +120,000 +60.000 +136.990 +106.990
ladd 3.01 for Nyquist Nyquist
dBW =20-log\V,, ] | dBW = 20-log(A)
dBW 26021 20000 dBW = 20-log(v,,, ) dBW =dB dBW = dBV dBW = dBmv dBW =dBu
add 9.031forDC | add 3.01forDCand | -16.990 ~30.000 -16.990 —76.990 -136.990
add 3.01 for Nyquist Nyquist
dBm=20-loglV,,) | dBm=20-l0g(A)
dBm +3.979 +10.000 dBm =20-log(v,,,,) dBm=dBV dBm = dBmv dBm=dBu dBm=dBW
add 9.031forDC | add 3.01forDCand | +13.010 dBm = dB +13.010 —46.990 -106.990 +30.000
add 3.01 for Nyquist Nyquist

Table 6 - Table for Voltage Unit Conversion (RF measurements - R=50Q, Pref=1 mW)
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Background Information

RMS Voltage of Quantization Noise

The rms voltage is the square root of the sum of the
square of each voltage sample. In the case of the rms
value of noise, it is the square root of the sum of the
square of the difference between the voltage sample and
the ideal voltage value. For example, if the ideal voltage
in a sequence of K samples can be expressed as x,, and
the actual voltage samples are yy, the rms value of the
noise is calculated as:

Equation 15

For gaussian noise sources, a histogram of all of the
values of g, will resemble, as the name implies, a
gaussian distribution. Equation is the same as the
equation of standard deviation.

The histogram of the values of €, is a uniform distribution
in the case of quantization noise. This can be
understood conceptually by first understanding that the
maximum error on each sample is at most 1/2 of a code,
and the error has an equal probability of lying between
+/- 1/2 code.

The rms value of this uniform distribution (in codes) can
be expressed as the following integral:

& :(Yk _Xk)

K-1

V= 2

15
ms K k

k=0

Equation 16 - rms voltage of quantization noise (in
codes)
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Derivation of ENOB Equation

The definition of the effective number of bits is the
number of bits in an ideal quantizer in a system with no
other noise sources (excepting quantization noise) that
has the equivalent amount of noise to the system being
measured. The calculation of ENOB can be derived by
considering how much noise such a system would have.

First of all, we know from the section "Error! Reference
source not found.", that quantization creates an rms

. 1 . .
error (or noise voltage) of — codes. Assuming a b bit

243

guantizer, the maximum peak-peak voltage of a sinusoid
quantized by this system is 2°, which is a sinusoid with

_ ob-1
an amplitude and rms value of 2"t and =—,

J2

respectively. Thus, the signal to noise ratio of such a
system can be written as:

%)

snr=20-log 1 which can be simplified as
(25)

-1
snr =20-log(2° )+ 20- Iog(mj

V2

and further as

snr=b-20-log(2)+10- Iog{gj

3
snr—10-log —
_ g(zj

20-log(2)

Solving for b yields:

b snr-1.761
6.021

or

Equation 17

Thus, ENOB and SNR (or more exactly, SINAD) are
equivalent measurement parameters.
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Derivation of ENOB Adjustment

Given an ENOB measurement that was not taken with a
full-scale sine wave, we show here how to make the
correct adjustment for ENOB were the measurement
actually taken at full-scale. To start, we are given the
following parameters:

e P, - the power of the fundamental — the sine

wave used for the measurement.

e P, -the power of a full-scale sine wave.

e SINAD - the signal-to-noise-and-distortion
measurement taken with the sine wave not at
full-scale.

e SNR - the signal-to-noise measurement taken
with the sine wave not at full-scale.

e The power of the noise in the actual
measurement is:
P =P, —SNR
[1]

and the power of the noise and distortion in the actual
measurement is:

P

nad

=P, —SINAD
[2]

The signal-to-distortion ratio is the uncorrelated power
subtraction expressed by:

_SINAD _SNR
SDR =-10-Log,, [10 0 _10 w0 ]
[3]
The power of the distortion components in the actual
measurement is therefore:

P, =P, —SDR
[4]

LeCroy Corporation
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The premise here is that when making the adjustment
for full-scale, the actual sinewave is adjusted by the
amount AP = P, —P; , which causes the power of the
distortion components to rise by the same AP, but
causes no rise in the power of the noise. Therefore, the
value of the new fundamental is: P{ =P, + AP =P,
the new value of the distortion is P, =P, + AP and the
new value of the noise is unchanged as: P, =P,.
Therefore the new signal-to-noise measurement is:
SNR'=P/ —P'=P, + AP—P, = SNR + AP

[5]
The new signal-to-distortion ratio is:
SDR'=P/ -P; =P, + AP—-P, —AP =SDR.

Therefore, the new signal-to-noise-and-distortion ratio is:

_SINAD SNR (AP
ASINAD:SINAD'—SINAD:—10~Logm[10 o410 (10 © —lJ]—SINAD

[6]

Since effective-number-of-bits is calculated as:
SINAD -1.76

ENOB =
6.02

The new effective-number-of-bits is calculated as:

SINAD'-1.76
6.02

ENOB' =

And the ENOB correction is given by:

ASINAD

AENOB = ENOB'—ENOB =
6.02
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Let's make some simple checks. Let’'s assume that all of
the degradation is due to noise which can be the case
only if there is some noise, but no distortion. This
means that the power of the distortion is —oo, which
means according to [4] that SDR =0 and according to
[3] that SNR = SINAD .

Therefore, according to [6], the adjustment for a full-
scale sinewave is:

_SINAD CSNR (AP
ASINAD:SINAD'*SINAD:710-Logw(10 0410 w0 [10 10 71J]7S|NAD

[7] = SINAD adjustment for noise degradation
only

[8] makes sense because the premise is that
noise does not grow when the signal is made larger and
therefore, as shown in [5], the signal-to-noise ratio is
directly improved by the amount AP and since
SINAD = SNR, the signal-to-noise-and-distortion ratio
improves in the same manner.

Next let's assume that all of the degradation is due to
distortion which can only be the case if there is some
distortion and there is no noise. This means that the
power of the noise is —oo, which means according t

[1] that SNR =00 and according to [3] that

SDR =SINAD .

Therefore, according to [6], the adjustment for a full-
scale sinewave is:

SINAD SINAD [ AP

ASINAD =-10- Log,, [1010 +10 © |10 © —1]} —SINAD = AP

[8] — SINAD adjustment for distortion
degradation only

[8] makes sense because the premise is that the
distortion grows at the same rate as the signal and
therefore making the signal larger makes the distortion
similarly larger leading to no improvement to signal-to-
distortion ratio and therefore no improvement to signal-
to-distortion-and-noise ratio when there is no noise.
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_SINAD o AP
ASINAD =-10-Log,, (10 0 4100 (10 10 —IJJ— SINAD =0

[9] — SINAD adjustment for distortion degradation
only

[8] makes sense because the premise is that noise does
not grow when the signal is made larger and therefore,
as shown in [5], the signal-to-noise ratio is directly
improved by the amount AP and since

SINAD = SNR, the signal-to-noise-and-distortion ratio
improves in the same manner.

Next let’'s assume that all of the degradation is due to
distortion which can only be the case if there is some
distortion and there is no noise. This means that the
power of the noise is —oo, which means according to
[1] that SNR =00 and according to [3] that

SDR = SINAD.

Therefore, according to [6], the adjustment for a full-
scale sinewave is:

[8] makes sense because the premise is that the
distortion grows at the same rate as the signal and
therefore making the signal larger makes the distortion
similarly larger leading to no improvement to signal-to-
distortion ratio and therefore no improvement to signal-
to-distortion-and-noise ratio when there is no noise.

[7] is the simple-minded and often incorrect

adjustment to SINAD for full-scale, while [8] is the most
pessimistic adjustment. In fact:

0 < ASINAD < AP
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